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ABSTRACT

We provide a plug-and-drop decision theoretic recipe to recover source terms () in general order
linear ordinary differential equations (Ly = > _, ax () y*) = Q, x € Q) and partial differential
equations ((Ly)(z) = >, <x Aal(z) D*Y(x), = € (1), assuming a Gaussian process prior on
y with derivatives up to order k£ in mean square. Under squared error loss, the Bayes action is
the posterior mean of Ly; we give closed-form expressions for both the mean and covariance of
@, handle general linear observations (including exact/noisy boundary conditions), and provide an
implementation-ready matrix formulation. The method permits evaluation of infinite-dimensional
Bayes actions on function spaces (with associated uncertainty quantification), or, in the finite ap-
proximation setting, an uncountably infinite family of Bayes actions corresponding to the counting
measure on the domain x € §). An equivalence between a type of 0-1 loss and the mean squared loss
on () is shown under Gaussian process measures, and an extension theorem for infinite-dimensional
decision rules on function spaces is formalized. Additionally, an extension to nonlinear operators is
also outlined utilizing second-order Frechet expansions, with associated probability bounds.

1 Introduction

The Bayesian decision-theoretic perspective offers a powerful and conceptually unified approach to inference, un-
certainty quantification, and optimal decision making in parametric problems; however, extensions to the infinite-
dimensional setting have been minimally explored. While Gaussian processes (GPs) have become a central tool for
modeling and inference in statistical and machine learning applications, the decision-theoretic dimension of GP model-
ing concerned with the definition and computation of optimal actions under posterior uncertainty remains comparatively
underexplored.

The following work establishes foundational results for Bayesian decision theory for Gaussian process models, proving
the equivalence of 0—1 loss and mean-squared loss under Gaussian measures, and formalizing the extension theorem for
Bayes actions on Hilbert spaces; an additional result on decision boundaries between two Gaussian processes have is
outlined, allowing the design of Bayes-optimal decision boundaries between two distinct Gaussian processes defined on
a shared Hilbert space. These results connect classical Bayesian inverse problems [Dashti and Stuart, 2015 [Kaipio and
Somersalol 2004, |[Kaipio et al.l 2007] to the emerging field of probabilistic numerics [Cockayne et al.,[2019], where
algorithms are treated as stochastic estimators and evaluated under decision theoretic loss functions.

In this continuation, we propose an extension the theoretical and practical scope of these proceeding frameworks by
addressing three interconnected challenges: (i) The formal analysis of decision theoretic risk in infinite dimensional
Hilbert space problems. (ii) The integration of decision-theoretic risk into experimental design and data acquisition.
(iii) The extension of risk bounds and uncertainty quantification to nonlinear and operator-valued mappings. Much of
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the following paper is expository results outlining known properties of inverse problems in differential equations (both
partial and ordinary) using GPs. However, the decision theoretic framing is novel, and the ensuing decision theoretic
results outlined in Section [2] permit generalizations of the same approaches to broader classes of decision problems.

The paper then operates as a survey outlining general background and a computational approaches for source function
evaluation from Gaussian processes (GPs) believed to be noisy realizations from an ODE or PDE, but also with
extensions to nonlinear operators and three principal results extending GP based decision theory as well as decision
theory on general Hilbert spaces.

1.1 Motivation

Many scientific and engineering problems involve making optimal decisions under uncertainty over continuous domains.
Inverse problems, operator identification, and physical system modeling all depend on recovering unknown functions
or operators from noisy data. Gaussian processes provide a nonparametric and flexible prior over such functions,
while Bayesian inference supplies the engine for updating beliefs in light of data. Typically these are treated as
separate problems, as the camp of practitioners in the scientific computing and inverse problems camp use the Bayesian
machinery (and primarily GP-based machinery) only for functional inference, and then the ensuing inversion employs
general tools from probabilistic-numerics [[Cockayne et al.} 2019} Dashti and Stuart, 2015]]. However, in the Bayesian
community more broadly there is broad effort to optimize decision making in uncertain environments through loss
function design and finding optimal bayes actions through minimizing the posterior expected loss [Berger, [2010].

This combined perspective permits a decision theoretic and Bayesian experimental design [Chaloner and Verdinelli,
1995]] approach to optimal decision making in Bayesian inverse problems (ordinary/partial differential equation based
or otherwise). In the Gaussian process solution to inverse problems, this permits an additional benefit: the results
here make no effort to diminutize the longstanding O(n?3) for number of samples n € N computational bottleneck of
Gaussian process inference, however, if one can get m € N < n for which the Bayes-risk under the m is less than
under n, or which has lower variance of the Bayes action solution that minimizes Bayes-risk, then the computational
bottleneck can be ever-so-slightly circumvented.

1.2 Contributions

This work makes the following contributions, expanding the theoretical and computational space of Bayesian decision
theory for nonparametric models (and particularly GPs):

1. We prove three principal novel results in Bayesian decision theory on Hilbert spaces:

* Extension theorem for Bayes actions on Hilbert spaces We prove that under mild regularity conditions on
the loss function and underlying Hilbert space upwardly convergent subspaces (e.g. finite approximations
to the underlying Hilbert space) converge to the solution to the loss acting on the global Hilbert space.

0-1 small ball probability loss vs. squared-error loss Bayes action equivalence for Gaussian Process
Measures on Hilbert spaces An equivalence theorem between the squared error loss and small ball proba-
bility loss (a variant of 0-1 loss) is shown for Gaussian process measures under certain conditions. This
extends the result outlining equivalence between the mean minimizing the Lo loss in finite dimensional
Gaussians and the median (which is the mean) minimizing the 0-1 loss in finite dimensional Gaussians.
Decision boundary for two Gaussian-process posteriors For two Gaussian processes defined on a shared
Hilber Space, we give an explicit characterization of a Hilbert manifold contained in the said Hilbert
space which is locally diffeomorphic to the global Hilbert manifold. E.g., the decision boundary between
two GPs locally appears like the shared Hilbert space and Frechet calculus can be performed on it.

2. Bayesian Risk-Based Experimental Design. As outlined in section [I.I] we introduce a new formalism
for optimal data acquisition based on posterior expected loss rather than posterior variance. This leads to a
family of risk driven experimental design procedures that directly target decision functionals (e.g., differential
operators, source terms, or physical observables) and can be efficiently computed from the GP posterior mean
and covariance. This contribution bridges the gap between Gaussian process regression and Bayesian optimal
design.

3. Frechet-Based Nonlinear Operator Analysis. We extend the Frechet derivative framework to quantify risk
and uncertainty in nonlinear operator mappings applied to Gaussian process posteriors over function. The
analysis establishes explicit high probability bounds on decision error as a function of the operator norm of the
Frechet derivative and curvature. These results generalize the previous linear Gaussian guarantees outlined in
the preceeding sections to the nonlinear setting and provide the theoretical underpinning for risk certification
in operator learning and physics-informed modeling.
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4. Unified Computational Framework. We provide a matrix-based formulation for implementing decision-
theoretic inference and experimental design, compatible with general linear observation operators and flexible
boundary conditions. The proposed algorithms admit efficient implementations via standard Gaussian process
conditioning, while preserving theoretical rigor in infinite-dimensional Hilbert spaces.

5. Applications and Implications. We discuss applications of the developed theory to Bayesian inverse problems
and probabilistic numerics methods, highlighting how decision theoretic risk can serve as a universal design
and validation metric in Gaussian process modeling. This framework lays the groundwork for principled
risk-aware learning in physics informed neural and kernel-based models.

1.3 Relation to Prior Work and Looking Forward

The framework developed here connects three strands of research. First, it builds on the theory of Bayesian inverse
problems |Dashti and Stuart|[2015]], Kaipio and Somersalo|[2004]], extending classical results on posterior consistency
to decision-based optimality. Second, it aligns with probabilistic numerical methods|Cockayne et al.|[2019], where
the objective is to quantify uncertainty in numerical computations. Finally, it contributes to the growing literature on
physics-informed and operator-based learning |Raissi et al.|[2019]], offering a theoretical foundation for uncertainty-
aware operator inference. The framework similarly extends the rich Bayesian tradition within decision theory [Berger,
2010] to broader classes of decision problems on Hilbert spaces, and particularly, as outlined in the following Section,
Theorem [T serves as an extension theorem for any decision problem on Hilbert spaces for which the loss satisfies certain
regularity conditions. This opens the door to other rich classes off nonparametric posteriors in Bayesian analysis.

1.4 Remaining Gap: Computational Bottleneck

Reiterating what was outlined in section[I.T] the most substantial missing component of the framework is that we do
not address the substantial challenge of the O(n?) computational bottleneck of Gaussian process inference. However,
a major contribution is that, as noted in Section[I.2] the Bayesian experimental design approach allows optimizing
performance for computable n by optimizing the experimental design. This permits the practicioner to optimize for
various types of loss functions and assess the overall contribution to reducing uncertainty in Source function estimation
of each data point (and, more broadly, general Gaussian process decision problems), and reduce the posterior uncertainty
optimally.

As outlined in Section [I.3] there exist many rich classes of Bayesian nonparametric priors and ensuing posterior
formulations for which Theorem [T permits analysis. Some of these include Polya-trees [Lavine, [1992]], Gibbs-type
species sampling priors [De Blasi et al.l [2015]], and completely random measures governed by a Levy-intensity
[Kingman,|1967]. We hope this explicit foray into what at first pass appears to be the most tractable of all nonparametric
priors (GPs) inspires others to pursue similar directions with broader families.

1.5 Paper Organization

The paper is organized as follows: Section [I]introduces the general problem definition, with[I.T] outlining the moti-
vations for this work. Section [[.2]outlines the overall contributions presented here, first outlining notable theoretical
contributions (with proofs contained in the Appendix) and then outlining contributions methodologically, including
contributions to experimental design with GP priors, and extensions to nonlinear operators using Frechet bounds. The
following two sub-sub-sections correspond to easy to use drop-in methods for incorporating Gaussian Processes into
inverse problems in differential equations. Finally a section on applications and implications of the article. Following
these sub-sub-sections is a subsection on Prior work and looking forward containted in subsection

2 Results

We outline three principal results and prove them in the appendix. These results support the decision theoretic framing
and extend the mean squared loss as equivalent to a larger family of losses and decision problems.

Theorem 1 (Extension theorem for Bayes actions on Hilbert spaces). Let H be a real, separable Hilbert space. Let
U : H x H — R be a loss function, and let () be a random element in H drawn from a posterior measure given data z.

Let {H,,}>2, be an increasing sequence of finite-dimensional subspaces such that\ ) H,, = H, and let P,, : H — H,
be the corresponding orthogonal projection operators.

Define the global expected posterior risk R(a) = Eq|.[¥(a, Q)] and the finite-dimensional projected risk R, (a) =
Eq|.[¥(a, P,Q)]. Assume the following conditions hold:
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1. Growth Bound: There exist C > 0 and p > 1 such that |V (a, h)| < C(1+||a||? + ||h]|P), and Eq.[||Q||P] <

Q.

2. Lipschitz Continuity in the State: There exists L > 0 such that for all a,h,h' € H, |¥(a,h) — ¥(a,h')| <
Lih — K|

3. Continuity in the Action: For any fixed h € H, the map a — V(a, h) is continuous.
4. Coercivity: R(a) — oo as ||a|| — oo.

5. Uniform Convexity: R(a) is uniformly convex on H.

Then, for each n, there exists a unique minimizer a,, = arg minge g, Ry, (a). Furthermore, the sequence (a,,) converges

strongly to the unique global Bayes action a* = arg mingcy R(a); that is, lim,_, ||a, — a*|| = 0.
Proof. Proof available in Appendix section [A] O
Theorem 2 (0-1 small ball probability loss vs. squared-error loss Bayes action equivalence for Gaussian Process
Measures on Hilbert spaces). Let (H, (-,-)) be a real, separable Hilbert space equipped with the norm || - ||. Let Q be a
random element in H whose posterior distribution given data z is Gaussian:

Qlz~N(uC) ey

where | € H is the posterior mean, and C : H — H is a self-adjoint, positive, trace-class covariance operator.

Let { H,, }>° | be an increasing sequence of finite-dimensional closed subspaces such that H,, T H, and let P, : H —
H,, denote the orthogonal projection operator onto H,,. For a localized action a,, € H,, and a fixed radius T > 0,
define the sequence of finite-dimensional projected risk minimization problems under the Lo loss and the 0 — 1 small-ball
loss respectively:

* : 2
as,, = arg annéll{lln Eq|. [||PnQ — an|| ‘ z] 2)
G310 = a8 min Eqp. IE{IP,Q — au > 7} | ®

Then, for every n > 1, the following properties hold:

1. Subspace Equivalence: The unique minimizer on every finite-dimensional subspace under both losses is
exactly the projected posterior mean:

a;,n = a’sl,n = Inp (4)

2. Infinite-Dimensional Limit: As n — oo, the sequence of subspace optimal actions converges strongly in H to
the unique global infinite-dimensional Bayes action a* = p:

Jim a3, —pll =0 and  lim flag, , —pf =0 )
Proof. Proof available in Appendix section B O

Theorem 3 (Decision boundary for two Gaussian-process posteriors). Let H be a real, separable Hilbert space. Let
Y ~N(u,C)andY’' ~ N (', C") be Gaussian random elements in H with means p, 1’ € H and covariance operators
C,C’ (self-adjoint, positive, trace-class on the closed span of their supports). For any a € H, define the small-ball 0-1
risks

Ry, (a) =E{|]Y —al >7}],  Rgi,(a) :=EL{]]Y' —a| > 7}].

Define the decision boundary as the zero-level set of the limiting risk difference,
B:= {a eEH: lTlfol (R -(a) — ROll)T(a)) = O}.
Then B is a Hilbert manifold in H, and coincides with the zero-level set of the squared-loss risk difference,
B= {a €H:E|Y —a|?=E|Y’ - a||2},

and therefore admits the explicit affine description

lla = pl? = lla = /> = tx(C') — tx(C). |

4
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Which is an affine Hilbert manifold in H locally diffeomorphic to H. In particular, when C = C', the boundary is the
(codimension-one) bisector hyperplane Hilbert manifold in H

{aet:(au —p) =517 = Nl 3,
i.e. the locus of points equidistant (in || - ||) from p and p'.

Proof. Proof available in Appendix Section O

3 Linear k’th Order ODEs

3.1 Model and observations
Operator. Let .

(Ly)(w) = Y ar(w)y®(u), uweldCR,
with known coefficient functions a; : i/ — R anI:i_oOrder n > 0.

Prior. Place a zero-mean GP prior on the latent solution:
y~ GP (O7 K ) ,

with kernel K differentiable up to order n in each argument.

Observations (very general). Assume we observe z € R™ through a linear observation operator H with additive
Gaussian noise:
z = Hly] + ¢, e ~ N(0, R).

This covers point evaluations y(t;), derivative samples y(j )(ti), linear functionals (e.g., integrals), and (noiseless)
boundary constraints by taking the corresponding rows of R to have vanishing variance (practically, a very small jitter).

3.2 Decision problem and Bayes estimator

We seek a decision rule Q : U — R minimizing posterior expected squared loss
A A 2
R(Q) = E {/ ([,y(u) — Q(u)) du z} .
u

By convexity and linearity of expectation, the pointwise minimizer is
Qu) = El(Ly)(w)|2] = Y ax(w)E[y™ (w)
k=0

.
Uncertainty (useful for UQ and design) comes from the posterior covariance

Cov(Q(u),Q(v) | 2) = Cov((Ly)(u), (Ly)(v) | 2).
3.3 Closed forms via linear-Gaussian conditioning

Let U, = {u1,...,us} be test locations where we want (). Stack the derivatives of y needed at U, as
ye = [yOW0); yP(UL); .5 y™(UL)] € ROFDS,

Similarly, let Z denote the set of inputs (times/locations and derivative orders) used by the observation operator .
Because (y., H[y]) are jointly Gaussian, the posterior is

Y |Z ~ N(”*’Z*)7 Mo :K*Z (KZZ+R)_1Z; Z* :K**_K*Z (KZZ+R)_1 KZ*7
where the blocks are obtained by differentiating the kernel:
okt
ee) ) = gaigor X (i vi);

[K.z] hiyr = E[y™ (u;) (H]y]),] (differentiate K under ),
Kzz =E[H[y]H[y]'] (apply H to both kernel arguments).
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Linear map from derivatives to . Define the block-row linear operator L, € R**(*+1)s acting pointwise as

Ly* Zak u), i1=1,...,s.

Then the posterior for Q. := Q(U,) is Gau551an.

Q*|z~N( Lope , L.Z.LT )

Bayes estimator  posterior covariance

Equivalently, the pointwise Bayes estimator is
A k
Qlur) = D an(us) il (uy).

k=0
3.4 Matrix Approach

For many users it is convenient to think entirely in matrices at a grid U.. Let Dk € R%** denote the linear map that
returns the k™ derivative of the GP at U, when applied to the latent vector y(U. EI Let A;, = diag (ak(U )) Define
the assembled operator

— ZAIC Dk c ]1Q5><Ss(ack7
k=0
where Dy, selects the k-th derivative block from y, (or, equivalently, we realize L, directly as above). Then

Q= Lp, Cov(Q) = L%, L".
This is the implementation once we have ., 3.

3.5 Observations (including boundary conditions included)
Common choices of H and corresponding kernel manipulations:

* Noisy point values: z; = y(t;) + €;. Then Kz = K(t;,t;), R = diag(c?), and K.z uses OFK (uj,t i)
+ Noisy derivatives: z; = y(") (t;) + ¢;. Differentiate kernel in the ¢ argument accordingly.

+ Exact boundary conditions: y(b;) = ¢, or y(") (b;) = c. Encode as rows of # with a tiny noise variance (e.g.
10719) so that conditioning stays numerically stable.

* Linear functionals: z; = [ w;(t (t)y") (t) dt + €;. Apply H to the kernel by pushing the integral/derivative
through K.

3.6 Kernels and differentiability
We need K differentiable up to order n in each argument. Examples:

* Squared Exponential (RBF): infinitely differentiable.

* Matérn v: k-th derivatives exist in mean-square for & < v. For an n-th order ODE, choose v > n + 1/2 for
comfortable margins.

3.7 Practical Implementation

. Choose order n and coefficient functions a (u).

. Choose kernel K with sufficient smoothness.

. Specify linear observations # and noise R (including boundary conditions).
Build kernel blocks by differentiating K as required to form Kz, K, 7, K.
Compute (4, 2, via Gaussian conditioning.

6. Evaluate Q = L, and (optionally) Cov(Q) = L. X, L].

'In exact GP algebra, derivatives are obtained via differentiated kernels against observations; Dy, here is a mnemonic for “apply
the k-th derivative with respect to the first kernel argument and evaluate at U,.”. In practice we never build Dy, explicitly; we build
the corresponding kernel blocks.

I I
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3.8 Example: 3’rd Order Linear ODE

Broad data used to fit the GP
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Figure 1: The data and the fit Gaussian Process for the 3’rd order ODE template scenario.

Inverted ODE: Bayes action and uncertainty for Q(u)
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Figure 2: Bayes action and Uncertainty for the 3’rd order linear ODE.

4 Linear k’th Order PDEs

4.1 Setup: multi-index operators on ) C R?

Let Q C R? be open with boundary 9Q. For a multi-index a = (ay, ..., o) € N&, denote D* = 9!°l /9x" 0 9z,
with order |a| = 3 ; ;. Consider a (possibly vector-valued) field y : ) — RP and a linear differential operator of

order m:
(Ly)(z) = Y Aalz)Dy(z), zeQ
loe|]<m
where A, (z) € R?7*P are known coefficient matrices, and Q : 2 — R is the unknown source/forcing term:
Ly=0 in(), By =b ondQ,
with B a linear boundary operator (e.g. Dirichlet/Neumann/Robin) and known boundary data b.
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Prior. Place a (possibly vector-valued) GP prior on y:
y~GP(0,K), K:QxQ— R,
with mean-square derivatives up to order m in each argument. Popular choices include separable kernels K (x,z') =

k(z,z") ® ¥ for ¥ € RP*P, or anisotropic products k(z,z') = szl kj(xj,2%).

Observations (interior + boundary, general linear). Let 7 be any linear operator mapping y to R™: pointwise
values y(z;), derivatives DPy(x;), integrals [, w(z) y(z)dz, or boundary traces (Ty)(&;) at & € 0 (Dirich-
let/Neumann/Robin). Assume

z = Hly] +e, e ~ N(0, R).
Noiseless constraints (e.g. exact boundary data) are obtained by taking very small diagonal entries in R for the
corresponding rows.

4.2 Decision problem and Bayes action for () = Ly

Under squared loss over {2,

R(Q) = E[ [ 1evto) - Q@ s

the pointwise Bayes action is

Qz) = E[(Ly)(x) 2] = Y Aulx)E[Dy(x)]2].

la|<m

Uncertainty is given by the posterior covariance

Cov(Q(2), Q(a") | z) = Cov((Ly)(x), (Ly)(z") | 2).
4.3 Block-Gaussian conditioning with multi-indices

Let X, = {x1,...,25} C £ be query points for ). Stack the needed derivatives of y at X, up to order m:
vy« = [D%y(X.)] e RPN N, = #{a: o] < m}.

Let Z denote the set of functionals used by #. By linearity, (y., H[y]) are jointly Gaussian with

Vi | 2 ~ N(ps, ), po =Koz (Kzz +R) 'z, ¥, =K,, —K.z(Kzz +R)'Ky..
The blocks are obtained by differentiating the kernel with respect to multi-indices:

[K**](a,i)7(,8)j) = Dng,K(xi,xj),
[5.2) iy, = EIDw(as) (Hlu)),] = HolDIK (as,2)],
Kzz =EBHHY)T] = HoHo[K(z,2")].

Here H, and H, denote applying H to the first/second kernel argument, respectively; boundary traces apply via
standard trace operators (e.g. Dirichlet y|9q, Neumann 0,,y|sq).

la|<m

Linear map to (). Define L. so that, for each z;,

(Leya)i = ) Aalay) Dy(a:).

la]<m

Then

Q. [z~ N( Ly i, L*E*LI), Q = Ly px.

4.4 Boundary operators 53 as observations

Dirichlet, Neumann, and Robin (or mixed) conditions are all linear:
d
By = Byy + Z B;0y,y on0f,
j=1
with matrix-valued B; possibly depending on the boundary location. Encode these as rows of H at boundary points (or
boundary integrals) with tiny noise for exactness. Their covariance contributions come from tracing the kernel to 0¢2,

e.g E[y(§) y(¢') "] = K(&,¢) for §,&" € 00, E[0ny(€) y(€') '] = 0 K (&, €), ete.
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4.5 Computational structure and separable kernels

If K is separable across dimensions, k(z,x’) = H;l:l kj(x;, '), then many derivative blocks factorize, and on tensor

grids we can exploit Kronecker algebra for K., K.z, Kz z. For vector-valued y with K (z,z') = k(z,2’) ® X, use
block-diagonalization via the eigen-decomposition of 3.

4.6 Two templates

(i) Poisson  For scalar y and
Ay(z) = Q(z) ing,

we have m = 2 with A, ;.. (z) = —x(z) (second derivatives), cross-terms from spatially varying « via product rule if

desired Build L. using second-order derivatives D%y for |«| < 2. Dirichlet or Neumann boundaries become 7{-rows
on 0f2.

(ii) Advection-Diffusion—Reaction.
~Vo (D(@)Vy) + v(x) o Vy + pla)y = Q.
Here m = 2; include first- and second-order derivative blocks for Vy and VVy, assemble L, with the appropriate

A, () derived from D, v, p.

4.7 Practical Implementation (PDE)

. Choose m, coefficient matrices A, (), and boundary operator 5.
. Pick K with mean-square derivatives up to m (e.g. RBF; Matérn with v > m + d/2).

. Specify H including boundary rows; set R (tiny variance for exact constraints).

. Build kernel blocks by applying D, D?

x’

traces, and integrals to K.

L A W =

. Compute pi,, X, and return Q = L.y, Cov(Q.) = LY. L.

4.8 Example: Poisson Boundary Conditions

We illustrate the example on the Poisson equation. We sample 250 values uniformly from [0, 1] x [0, 1] evaluate the
following formula on the values:

f(z,y) = 5 *sin(27z) cos(2my) + 2 * sin(67zy) (6)

and add iid Gaussian noise z = f(z,y) + N(0, 2). An image depicting the data is available in Figure[3]

We then fit a Gaussian process with radial basis function kernel (RBF) given by:

||la —b]]?
252

] (N

k(a,b;0°,s) = 0% exp[—

This is fit to the data using a zero mean GP with RBF kernel and we get a posterior process y|z ~ N(ptx, 04 ).

Laplacian coefficients are built over a 50 x 50 uniform grid on [0, 1] x [0, 1] using finite differences. This giving us an
approximation to the Laplacion A; which is then applied to the original GP to give A(y|z) ~ N(A(u), Ao, AT). The
mean of this is the Bayes risk under squared error loss for the source term. A plot illustrating the mean is given in Figure
Ml We note that by Theorem [2]this is equivalent to the 0-1 loss minimizer, and by Theorem|[I]it is an approximation on
the grid projection of the Hilbert space Bayes action for the Laplacian operator (as was equivalent in Section /3.8).

For uncertainty estimates we take the trace of the discretized operator A*J*AI and evaluate the p, 4+ 26. This is
provide on the discretized [0, 1] x [0, 1] in Figure[5]
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Figure 3: The data distributed on a 2 dimensional grid which the Gaussian process y|z on R? that the Gaussian Process
is fit to.

Addendum (noisier): Q(x) mean
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Figure 4: Bayes action of of the resultant Dirichlet loss resulting from taking the mean of the Gaussian process after
applying the Laplacian operator.

o

5 Performance guarantees for nonlinear operators via Frechet derivatives

Let ), Q be Hilbert spaces equipped with inner products (-, -)y and (-, -)
(generally nonlinear) operator A" : ) — Q and the quantity Q@ = N (y
over the latent field y given data z we have

y |z~ N(ps, Xy, Q = N(p,.).

Writing the posterior error as e := y — juy, we expand A around p, using Frechet calculus.

o, respectively. Suppose we are interested in a
). From the Gaussian process (GP) posterior

5.1 First-order linearization and Bayes risk
If \V is Frechet differentiable at yu, with derivative DN [u,] € £(Y, Q), then

N(px +€) = N(pe) + DNps](e) + Ra(e),  [|Ra(e)llo = olllelly)- ®)

10
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Addendum (noisier): 20 for Q(x)
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Figure 5: Uncertainty around the Bayes action after application of the Dirichlet operator.

Under squared loss the first-order approximation of the posterior Bayes risk is
E[|Q - QI |2 ~ E[IDN(m(e) | 2] = u DN £ DT ©)
Hence a conservative spectral bound is
E[IQ - QI3 ]z < IDN[]I2, tx(2.), (10)
where || - ||op denotes the operator norm and tr(-) the Hilbert—Schmidt trace.
5.2 High-probability certificate

Let d be the dimension of a finite discretization and define the (1 — a)-credible ellipsoid £, = {e: e ¥ e < x7 .}
Then, with probability at least 1 — «,

1Q = Qliov £ IDN [lllop VAmax(E2) /x50 + sup [R2(e)llo- (1D

5.3 Second-order curvature control

If \V is twice Frechet differentiable in a neighborhood of i, and || D2N[y]|lop < M there, the remainder admits the
quadratic bound
IR2(e)le < 5M[el3- (12)

Taking expectations yields

]E[HQ — @HQQ | z] < ||DN[M*]||(2)p tr(X,) + %M2EH6H§; -+ cross terms, (13)
where for Gaussian e the fourth moment is determined by tr(X,) and |2, ||%.
5.4 Lipschitz (global) guarantees

If NV is (locally) Lipschitz with constant L near py,

|Q - Qlle < Lilelly,  E[IQ - QlIy | 2] < L tx(S4)- (14)
Typically one can bound L via the derivative as L > sup, ¢, [ DN [y][lop on a neighborhood U.

5.5 Operator templates

Pointwise nonlinearity A'(y) = foy. For smooth f : R — R, [DAN[u](h)](z) = f'(p«(x)) h(x). Hence
| DN [ea]llop = I|f/ () || o= - If £ is bounded by My, then M < || f”(11.)] . in (12).

11
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Bilinear convective term N (y) = B(y,y). For a bounded bilinear form B, DN[y|(h) = B(h,y) + B(y, h), so
IDN[pt]llop < 21| Bllop ||| and Ra(e) = B(e, e) obeys [ Ra(e)|| < || Bllopllel/*.

Coefficient-nonlinear elliptic term A (y) = —V-(a(y)Vy). The derivative is
DN ] (h) = =V (a' (1) h Vs + alppe) VR),

leading to bounds (up to domain-dependent constants) of the form [|[DN[u]llop S |l (ps)llnoe [[Vits|lnoe +
llaCu)ll =

5.6 Reporting and design

For transparency and reproducibility, we recommend reporting:

the first-order covariance E(Ql ) .= DN [px ]2 DN [, J* and its trace/spectral radius;

1.
2. an estimate of || DN [ ]||op (e.g., power iteration);

3. acurvature constant M (or an empirical ratio || Ra(e)||/|| DN [u«](€)|| on samples e ~ N (0, 2,));
4. a high-probability radius r,, from (LI).

These quantities also drive active data acquisition by targeting reductions in tr(ZS)) or the spectral radius of 28 ),

6 Acknowledgements

Code available at the github repo **INSERT LINK HERE** and was generated with the help of GPTS.

7 Notes for me:

Regularity. Interchange of derivatives/expectation and trace operations is justified under standard GP regularity; ensure
K is sufficiently smooth and the trace/normal derivatives are defined (e.g. via Sobolev embeddings).

Learning. Hyperparameters of K and any unknown coefficients in A, can be learned by marginal likelihood or
hierarchical Bayes using Kz ;.

Vector fields. For p, ¢ > 1, use matrix-valued kernels or LMC constructions; the formulas above apply verbatim with
matrix blocks.

Nonconstant coefficients. All formulas above already allow a; = ay(u) varying with « (they only enter via the
diagonal Ay, at test points).

Model selection. We can learn kernel hyperparameters by maximizing the marginal likelihood of z (standard GP
training); Q then updates accordingly. Possibly extend to quantification of overfitting of data in this context and
associated Bayes Risk perturbations.

Design/active sampling. Since we have Cov(Q), we can design new measurements to reduce uncertainty in @, e.g.
choose new times to minimize tr(L*E*LI).

A Proof of Theorem 1

Statement 1. Let H be a real, separable Hilbert space. Let ¥ : H x H — R be a loss function, and let () be a
random element in H drawn from a posterior measure given data z. Let {H,}52 | be an increasing sequence of

finite-dimensional subspaces such that \ J H,, = H, and let P,, : H — H,, be the corresponding orthogonal projection
operators.

Define the global expected posterior risk R(a) = Eq|.[¥(a, Q)] and the finite-dimensional projected risk R, (a) =
Eq|.[¥(a, P,Q)]. Assume the following conditions hold:

1. Growth Bound: There exist C > 0 and p > 1 such that |¥(a, h)| < C(1+||a||? + ||h]|P), and Eq.[||Q|P] <
.

12
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2. Lipschitz Continuity in the State: There exists L > 0 such that for all a, h,h' € H, |¥(a,h) — ¥(a,h')| <
Lih — K|

3. Continuity in the Action: For any fixed h € H, the map a — V(a, h) is continuous.
4. Coercivity: R(a) — oo as ||al]| = oc.

5. Uniform Convexity: R(a) is uniformly convex on H.

Then, for each n, there exists a unique minimizer a,, = arg mingc g, Ry (a). Furthermore, the sequence (a,,) converges
strongly to the unique global Bayes action a* = arg min,cy R(a); that is, lim,_, ||a, — a*|| = 0.

Proof. Part 1: Existence and Uniqueness in H,

Because H,, is a finite-dimensional subspace, it is isomorphic to R? for some d. By the Dominated Convergence
Theorem (DCT)—justified by the growth bound (Condition 1) and the continuity of ¥ in its first argument (Condition
3)—the functional R,,(a) is continuous on H,,.

Because R, (a) inherits coercivity (Condition 4) from R(a), the sub-level sets {a € H,, : R,(a) < C} are closed and
bounded. In finite dimensions, closed and bounded sets are compact. By the Weierstrass Extreme Value Theorem, the
continuous functional R,,(a) achieves its minimum on H,,. Furthermore, because uniform convexity (Condition 5)
implies strict convexity, this minimizer is unique. Thus, we may uniquely define:

ap = arg a%}ﬁ Ry (a) (15)

Part 2: Boundedness of the Sequence of Minimizers

Evaluate the risk at the origin, R,,(0) = Eq.[¥(0, P,Q)]. Because P,,Q — @ strongly for almost every realization
of @, and because the loss is bounded by the integrable polynomial envelope (Condition 1), the DCT implies that
lim,,—, o0 R (0) = R(0).

Because converging sequences are bounded, there exists a constant M > 0 such that R,,(0) < M for all n. By the
definition of the minimizer a,,, we have:
Rp(an) < Rn(0) <M (16)

Because R,, is uniformly coercive across all n, the bound on the functional’s minimum implies a bound on the norm of
the minimizers. Therefore, there exists some K > 0 such that ||a,|| < K for all n. The sequence (a,,) is therefore
bounded in H.

Part 3: Weak Convergence to the Global Minimizer
Because bounded sequences in Hilbert spaces are weakly precompact (Banach-Alaoglu Theorem), the sequence (a,,)
has a weakly convergent subsequence (a,,, ) that converges to some limit a* € H:

Gy, — a7 17

We must show that a* is the global minimizer of R(a). Let h € H be an arbitrary test element. Define hy, = P,, h. By
the properties of orthogonal projections, hy, — h strongly in . Since a,,, is the minimizer in H,, , it follows that:

Ry, (an,) < Ry, (hi) (18)

We now take the limit infimum (lim inf) as ¥ — oo. Using the Lipschitz bound (Condition 2), we know |R,,, (a) —

R(a)| < LEg|.[[| P, @ — QI]]. By the DCT, this difference vanishes uniformly on bounded sets. Thus, we can replace
R, with R in the limit.

Because R(a) is continuous and convex, it is Weakly Lower Semicontinuous (WLSC). Therefore:

R(a™) < liminf R(ay,) = liminf R, (an,) (19)
k—o0 k—o0
Chaining the inequalities together:
R(a*) <liminf Ry, (an,) < lim Ry, (hx) = R(h) (20)
k— o0 k—oo

Since R(a*) < R(h) for all h € H, a* is a global minimizer. By the strict convexity of R(a), the global minimizer
is unique. Because every weakly convergent subsequence of the bounded sequence (a,,) must converge to the same
unique limit a*, the entire sequence converges weakly: a,, — a*.

13
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Part 4: Strong Convergence
Weak convergence (a,, — a*) does not automatically imply that the norm distance ||a,, — a*|| shrinks to zero. However,
we assumed R(a) is uniformly convex (Condition 5).

For a uniformly convex functional, if a sequence weakly converges to the minimizer (a,, — a*) and the functional
values converge (R(a,) — R(a*)), then the sequence converges strongly.

By taking h = @™ in the inequality from Part 3, we have h,, = P,,a* — a* strongly, and:
R(a™) <liminf R(ay,) < limsup R(a,) < lim R, (P,a") = R(a") 1)
n—oo n—oo

n—oo

This squeezes the sequence, proving that lim,, ., R(a,) = R(a*). Due to the uniform convexity of the risk functional
R, the weak convergence and the convergence of the functional values jointly force strong convergence in the Hilbert
space norm:
lim |la, —a*|| =0 (22)
n—oo

Which concludes the proof. O

B Proof of Theorem 2]

Statement 2 (0-1 vs. squared-error Bayes equivalence in Gaussian Process Measures on Hilbert spaces). Ler (H, (-, "))
be a real, separable Hilbert space equipped with the norm || - ||. Let Q be a random element in H whose posterior
distribution given data z is Gaussian:

Qlz~N(uC) (23)
where 1 € H is the posterior mean, and C : H — H. is a self-adjoint, positive, trace-class covariance operator.

Let { H,,}2° | be an increasing sequence of finite-dimensional closed subspaces such that H,, T H, and let P, : H —
H,, denote the orthogonal projection operator onto H,,. For a localized action a,, € H,, and a fixed radius T > 0,
define the sequence of finite-dimensional projected risk minimization problems under the Lo loss and the 0 — 1 small-ball
loss respectively:

ay, = arg ameig Eqp: [[|1P.Q — anl? \ 2] (24)
agy,, = arg uin Eqy, {IP.Q — anl| > T} | 2] (25)

Then, for every n > 1, the following properties hold:

1. Subspace Equivalence: The unique minimizer on every finite-dimensional subspace under both losses is
exactly the projected posterior mean:
a;,n = aél,n = Pnu (26)

2. Infinite-Dimensional Limit: As n — oo, the sequence of subspace optimal actions converges strongly in H to
the unique global infinite-dimensional Bayes action a* = ju:

Jim Jlag,, —pll =0 and  lim g, —pf =0 27)

Proof. Part 1: Solving the Projected Subspace Problems
Because P, : H — H,, is a bounded linear operator, the projected random variable P,,@Q | z is a tightly supported, finite-
dimensional Gaussian element in the subspace H.,,. Its induced Radon measure within H,, is completely characterized
by:

P.Q | z N(Pn,uapncpn) (28)

First, we resolve the optimal finite-dimensional action a3 ,, for the Lo risk. Expanding the expected error using the
linearity of expectation and the orthogonality of the mean centering yields:

Eq|- “lPHQ - an||2 ‘ Z] =Eq. “|PnQ - Pnﬂ||2 ‘ Z] + | P — anH2 (29)

The first expectation on the right-hand side evaluates identically to the subspace trace tr( P,,C P, ), which is a constant
independent of a,,. The remaining functional || P, 1 — a,,||? is strictly convex and possesses a unique global minimum
if and only if its value is zero. Hence, we uniquely obtain:

a3, = Pap (30)

14
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Next, we resolve the optimal finite-dimensional action ag, ,, under the 0-1 loss. Minimizing the expected posterior 0-1
risk is mathematically equivalent to maximizing the probability that the approximation error falls within a closed ball of
radius 7 centered at the origin of H,,:

. _ _ _ <
arg min Eqp. {[PnQ — an|| > 7} | 2] = arg aineaé(nP(HPnQ anl| <7 2) (31)
= arg max P(P.,Q —an € Bp(0,7) | 2) (32)

an€H,

Let X,, = P,Q — P,u. By construction, X, is a centered (mean = () Gaussian random variable restricted to the
finite-dimensional space H,,. We rewrite the probability functional as a shift expression:

P(X, + Pop—an € Bp(0,7) | 2) (33)

The closed ball B,,(0,7) C H, is a symmetric and convex set. By Anderson’s Shift Inequality, for any centered,
symmetric, unimodal Gaussian measure on a finite-dimensional vector space, translating a symmetric convex target
away from the origin strictly reduces its measure:

P(X, +v € B,(0,7)) < P(X, € B,(0,7)) Vo€ Hy,\ {0} (34)

This probability achieves its strictly unique maximum when the translation displacement vector vanishes entirely,
meaning v = P,u — a, = 0. Consequently, the unique optimal action on the subspace is given by:

agyn, = Popt (35)
Thus, for any finite dimension 7, both loss criteria dictate identical decisions on the subspace: a3 ,, = ag; , = Pap.

Part 2: Infinite-Dimensional Convergence

We now embedded these finite-dimensional choices within the global asymptotic framework. Because the nested
sequence of finite-dimensional closed subspaces converges upward to the full space (| H,, = H), the sequence of
orthogonal projection operators P,, converges strongly to the identity operator I on H. That is, for any deterministic
element v € H:

lim [|P,v—v] =0 (36)
n—oo

Since the true global infinite-dimensional posterior mean satisfies p € H, substituting x4 into the strong convergence
property of the projection sequence immediately yields:

lim a5, = lim P,u=p (37)
n—00 ’ n—00

lim apy,, = lim P,u=p (38)
n—00 ’ n— 00

Because the exact global risk functionals over the full space H are uniquely minimized by the infinite-dimensional
Bayes action a* = p, the sequence of finite-dimensional actions under both loss functions converges strongly in the
norm topology of the Hilbert space to the global Bayes action:
lim |la5, —a*||=0 and lim |aj;, —a*|| =0 (39)
n— 00 ’ n—00 ’

This completes the proof. O

C Proof of Theorem

Statement 3 (Decision boundary for two Gaussian-process posteriors). Let H be a real, separable Hilbert space. Let
Y ~N(u,C)andY’' ~ N (i, C") be Gaussian random elements in H with means p, i’ € H and covariance operators
C,C’ (self-adjoint, positive, trace-class on the closed span of their supports). For any a € H, define the small-ball 0-1
risks

Ry (@) =E{[[Y —all > 7}, Rgy.(a) =E[L{|Y’ —a| > 7}].

Define the decision boundary as the zero-level set of the limiting risk difference,
B .= {a € A :tim (B3 (o)~ Ry, (@) = o}.
Then B is a Hilbert manifold in H, and coincides with the zero-level set of the squared-loss risk difference,

B= {a EH:E|Y —a|?=E|Y’ - a||2},

15
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and therefore admits the explicit affine description

[l =l ~ lla — p/|* = tx(C") — tx(C). |

Which is an affine Hilbert manifold in H locally diffeomorphic to H. In particular, when C = C', the boundary is the
(codimension-one) bisector hyperplane Hilbert manifold in H

{aeH (o p —p) =501 = ul® },

i.e. the locus of points equidistant (in || - ||) from p and .
Proof. The proof proceeds with the following steps:

1. Squared-loss risks. For any Gaussian Z ~ N'(m, %) in H,
E|Z — a|?* = ||m — a|* + tr(2).
Applying this to Y and Y yields
E|Y —al® —E[IY" —al* = (lla — ull* = lla — u'[|*) + (tx(C) — tx(C")).
Hence the squared-loss boundary satisfies
la = ull* = lla — u'l|* = tx(C") — tx(C).

2. Equivalence of small-ball and squared-loss risks. By Theorem 2, for a Gaussian process posterior ) ~

N (m, ), the Bayes action minimizing either squared loss ||Q — a|? or small-ball 01 loss 1{||Q — a|| > 7}

(for fixed 7 > 0) is the posterior mean a* = m. Thus, for both (Y, 1) and (Y, i), the ordering of risks under
the small-ball loss agrees with that under squared loss as 7 | 0.

3. Equality of risks. Define
Dg(a) :=E|Y —a|* —E[Y' —al®,  Aoir(a) = Ry ,(a) - Ry . (a).
By Step 1, Az is affine in a, and by Step 2, sign(Ag1,,(a)) = sign(Az(a)) for small 7. Consequently,
= 0.

llg)l A()l,'r(a) =0 <= AQ(G)

Hence B equals the affine set described above.

4. Manifold structure. Unless y = p' and tr(C) = tr(C’), the boundary is given by one nontrivial affine
equation in H, so it is an affine hyperplane (locally diffeomorphic to H).

O

D More Simulated Examples
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